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Abstract Isotonic separation is a supervised machine learning technique where classifica-
tion is represented as a linear programming problem (LPP) with an objective of minimizing
the number of misclassifications. It is computationally expensive to solve the LPP using
traditional methods when the dataset grows. Evolutionary isotonic separation (EIS), a hybrid
classification algorithm, is introduced to tackle this issue. Here, isotonic separation acts as a
host architecture where evolutionary framework based on genetic algorithm is embedded in
the training phase of the isotonic separation, to find an optimum or near-optimum solution
for the LPP. Evolutionary framework deploys a newly introduced slack vector to find the
feasible solution. It also employs a position-based crossover operator to obtain the optimum
or near-optimum solution. Experimental studies are conducted on Wisconsin Breast Cancer
dataset and a synthetic dataset. Experimental and statistical results show that EIS outperforms
its predecessors and state of the art machine learning techniques in terms of accuracy.

Keywords Isotonic separation · Evolutionary isotonic separation · Machine learning ·
Hybrid machine learning · Genetic algorithm

1 Introduction

Supervised machine learning attempts to estimate a function which maps instances from
an input space X to an output space Y, given only a finite number of sample D ={
(xi , yi )

∣
∣xi ∈ �d , yi ∈ �}n

i=1. Isotonic separation [4] is a supervised learning algorithm,
which classifies data through an isotonic consistency condition, that is, if i, j ∈ X and
(i, j) ∈ R where R is a quasi relation if and only if xik ≥ x jk for k = 1, 2 . . . d . These
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isotonic consistency conditions are derived from the domain knowledge of the problem.
Isotonic separation formulates the classification problem as a linear programming problem
with n decision variables and m constraints where m = |R|. Three major factors that influence
the performance of the classifier/LPP are the number of instances n, the number of isotonic
constraints m and the dimensionality d . In the worse case, a problem with n instances has
n(n−1)

2 constraints. The complexity of the LPP is proportional to the size of the training
set.

The limitation of traditional LPP solver [7] is that it needs to convert all inequality con-
straints into equality constraints using slack and surplus variables. This conversion increases
the number of decision variables. Most of the optimization techniques start with an initial
feasible point in the search space and move to the next point using some deterministic tran-
sition rule. For a large-scale LPP, getting an optimum solution is computationally expensive
due to its time complexity O((m + n)m2). Even though the computing time of interior point
method [22] is O

(
max(m, n)3

)
, it is infeasible due to excessive storage requirements and

m > n in isotonic separation.
The above linear programming problem can be viewed as a maximum flow network model

with n + 2 nodes and m + 2n arcs [4]. Even though efficient solution algorithms exist in
the literature for maximum flow problems [1,11], the computational time complexity of all
algorithms is based on n and m. In isotonic separation m ∼= n2, it is computationally expensive
to solve it for large values of n.

Recently, there has been an interest in the research community for biologically
inspired systems in solving real-world optimization problems. Evolutionary algorithms
(EA) are generalized optimization techniques inspired from natural evolution, which
includes Darwin’s survival of fitness principle [12]. An EA creates a pool of can-
didate solutions (chromosomes) called population that evolves over time and reaches
optimal solution by means of genetic operators, such as mutation, crossover and selection.
The typical applications of EA are difficult optimization problems for which specialized
methods are not available or traditional methods fail for reasons whichever. Evolutionary
techniques have widespread applications of machine learning such as instance selection [3],
noise filtering [20] and data classification [10]. These motivated to use evolutionary approach
for resolving the drawback of isotonic separation.

This paper proposes a hybrid model of isotonic separation, evolutionary isotonic sepa-
ration (EIS) for classification. In EIS, isotonic separation acts as a host architecture where
evolutionary framework is embedded in the training phase of the isotonic separation algo-
rithm, to find an optimum solution for the large-scale LPP. This evolutionary framework
deploys genetic algorithm (GA) to achieve this task. An extensive experimental evaluation
is performed on the proposed hybrid model using Wisconsin Breast Cancer dataset (WBCD)
and a synthetic dataset. For breast cancer diagnosis, experiments are conducted using isotonic
separation, its variants and other state-of-the-art machine learning techniques. Experimental
and statistical results show that EIS is more significant than the other algorithms for small-
and large-scale classification.

The rest of the paper is structured as follows. Section 2 highlights the related literature
for isotonic separation. Section 3 discusses a detailed description of the proposed EIS and its
theoretical analysis. Section 4 demonstrates the proposed work with a case study. Section 5
reports the extensive experimental results of EIS for breast cancer diagnosis. It also reports the
EIS experiments on a synthetic dataset. Section 6 concludes with a summary of the proposed
framework and future enhancements.
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2 Related work

Isotonic separation is a data classification technique, which has been applied in many fields
such as internet content filtering [14], firm bankruptcy prediction [25] and breast cancer
diagnosis [26].

Initially, isotonic separation method has been proposed for two-category separation and
generalized to multicategory separation [4]. It aims to minimize the number of misclassifi-
cations by assigning penalty for type-1 and type-2 errors. If there are n instances of which
n1 and n2 instances are misclassified as A1 and A0, respectively, an objective function for
the LPP is to minimize αn1 + βn2, where α and β are penalties for misclassification. The
relation R becomes the constraints of the LPP. A continuous outcome isotonic model has
also been proposed. The major issues of isotonic separation are identified as feature selection
and problem size reduction.

This method has been improved by grouping the instances with similar feature values
[26]. Assume that there are ai and bi instances of A1 and A0 having the same feature values
as xi , the objective function of the LPP is

min

α
∑

i∈A1

ai (1 − yi ) + β
∑

i∈A0

bi yi (1)

The constraints of the LPP are reduced by finding the maximal subsets Ā0 and Ā1 for classes
A0 and A1, respectively.

Ā0 = {i ∈ A0 : not∃ j ∈ A1 such that (i, j) ∈ R}
Ā1 = {i ∈ A1 : not∃ j ∈ A0 such that ( j, i) ∈ R} (2)

Then, the class labels are assigned as follows:

y∗
i =

{
1 if i ∈ Ā1

0 if i ∈ Ā0
(3)

Now, the reduced subsets to be solved by LPP are

A0 = A0 − Ā0

A1 = A1 − Ā1 (4)

This approach requires preprocessing tasks such as identifying similar data points in training.
This method was trained and tested with 699 points and gave higher accuracy.

For firm bankruptcy prediction, isotonic separation method has been applied with a set of
23 financial ratios as features [25]. Isotonic separation has been tested and compared with
nine other classification techniques. Even though it is a viable technique, the limitation in
this scheme is that it has been trained and tested with small samples.

To filter the objectionable Internet content, isotonic separation has been deployed using
Platform for Internet Content Selection (PICS) rating scheme [14]. A new approach has been
proposed to include the test instances in a set of undominated points. The limitation of this
approach is that it is computationally expensive to get the refined boundary points. Also, it
requires the training set during testing, which consumes more memory, and it works like a
lazy learner. This scheme has been trained and tested with a simulated dataset of 300 data
points.

Luss et al. [18,19] proposed a new technique, isotonic recursive partitioning, to address
the major issues of isotonic regression, which is a nonparametric machine learning technique
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for fitting monotonic models for data [24]. The problems of isotonic regression are statistical
over-fitting and the computational difficulty due to higher dimensions. The basic concept
behind isotonic recursive partitioning is to split the covariate space into smaller best cut
problems. This creates a regularized sequence of isotonic models and converges to a global
solution. A generalized Isotonic Recursive Partitioning is also proposed for fitting models
for data [18,19].

The potential weakness of the isotonic separation is classification of large dataset due
to the complexity of solving LPP. EIS overcomes this drawback by embedding GA in the
training phase of isotonic separation method. The main objective of EIS is to find an optimum
or near-optimum solution to the large-scale LPP using evolutionary framework.

3 Evolutionary isotonic separation

The proposed EIS is a hybrid isotonic separation for classification, in which evolutionary
framework is embedded in the training phase of isotonic separation to find the optimum
solution of the LPP. This section gives the formulation of the mathematical model of isotonic
separation into an optimization problem. It discusses a mathematical model for obtaining the
optimum solution for the optimization problem using evolutionary framework. It also gives
the stepwise procedure for hybrid classification algorithm, EIS.

3.1 Problem formulation

Given a finite set of objects A, it is partitioned into two disjoint classes A0 and A1, where
A = A0 ∪A1. Each object i has a d-dimensional feature space xi = (xi1, xi2, . . . , xid) where
xi ∈ R

d and a class label yi where i = 1, 2, . . . , n

yi =
{

1 if i ∈ A1
0 if i ∈ A0

(5)

The basic assumption in the isotonic separation [4] is isotonic consistency condition between
objects. Based on this, a quasi ordering relation R is constructed.

R = {
(i, j) |i, j ∈ A and xik ≥ x jk where k = 1, 2 . . . d

}
(6)

The principal goal of the classifier is to develop a system that learns to classify the objects
with minimum misclassifications. This is considered as an optimization problem, and the
mathematical model is as follows:

min (7)

α
∑

i∈A1

(1 − yi ) + β
∑

i∈A0

yi

subject to the constraints (8)

yi − y j ≥ 0 for (i, j) ∈ R

0 ≤ yi ≤ 1 for i ∈ A (boundary constraint)

Here, yi is a binary variable, and it can be a real variable in (0, 1). In the objective function
of the LPP (7),

∑
i∈A1

1 − yi and
∑

i∈A0
yi denote the number of type-1 and type-2 errors,

respectively. Type-1 (type-2) error occurs when an object actually belongs to A1 (A0) and
system misclassifies as A0 (A1). α and β are the penalties assigned for type-1 and type-2
errors. The main objective of the proposed work is to design an evolutionary framework that
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finds an optimum solution for (7) so that the system developed from that optimum solution
learns to classify unknown objects with minimum misclassifications.

3.2 Evolutionary framework

An evolutionary framework is a general purpose algorithmic framework that can be applied to
different optimization problems with relatively few modifications. The optimization problem
can be formulated as a model in order to apply GA [8,12]. A model M = (S,�, f ) of an
optimization problem consists of:

• A search space S defined over a finite set of discrete decision variables Xi , i = 1, 2, . . . , n
• A set � of constraints among the variables yi − y j ≥ 0 for (i, j) ∈ R
• An objective function f (X) = α

∑
i∈A1

(1 − yi ) + β
∑

i∈A0
yi

A feasible solution s ∈ S is an assignment of values to variables that satisfies all constraints
in �. A solution s∗ ∈ S is called a global optimum if and only if f (s∗) ≤ f (s)∀s ∈ S.

3.2.1 Chromosome representation

Evolutionary framework creates an initial population denoted by P , which is represented
as P = {Ci |Ci ∈ Rn }N

i=1 containing a set of N chromosomes. Each chromosome Ci is an
n-dimensional vector: Ci = (ci1, ci2, ci3, . . . , cin) where ci j represents a solution of the j th
variable in the i th chromosome, 1 ≤ i ≤ N and 1 ≤ j ≤ n, and n is the number of variables
in the LPP, that is, n = |A0 ∪ A1|. ci j denotes the solution for the decision variable y j , and
it is restricted by a minimum and maximum cmin ≤ ci j ≤ cmax. In general, initial population
represents a potential feasible solution to the problem. But for the large-scale LPP, which has
more constraints, obtaining the feasible solution as a chromosome is a challenging task. So
this framework generates random chromosomes, aims to make these chromosomes to satisfy
all the constraints, evaluates these feasible solution using fitness function and obtains the
optimum or near-optimum solution with the help of crossover and mutation operators.

3.2.2 Fitness function

Isotonic separation generates a special type of LPP, in which all the constraints are in the form
of y j − yk ≥ 0, that is, the number of decision variables in each constraint is two and the right
hand side of the constraint is always zero. The proposed framework takes this advantage and
aims to find the feasible and optimum solution for (7). To achieve this goal, the framework
introduces a slack vector for a population to check the feasibility of chromosomes. A slack
vector is a one-dimensional array of size n, created for each chromosome while the constraints
are checked. Based on the slack vector, the random chromosome is transformed into a feasible
chromosome. This framework enables the reusability of a slack vector for the population.

Fitness function f (C) = f ( f1, f2) is a function of two variables f1 and f2, where
f1 is a function that maps a random chromosome to a feasible chromosome, and f2 is a
function that maps a feasible chromosome to a number of misclassifications. f1 checks the
random chromosome Ci with the constraints of the LPP and generates an n-dimensional
slack vector �Ci = (�ci1,�ci2, . . . ,�cin) for chromosome. For every constraint in the
LPPy j − yk ≥ 0∀k, k �= j, 1 ≤ k ≤ n, �ci j be the minimum slack value to be added to
make ci j as a feasible value for the decision variable y j with respect to the set of constraints
y j − yk ≥ 0. This feasible value for a gene ci j is obtained by taking the maximum of slack
value �ci j for the respective gene in the random chromosome.

123



B. Malar, R. Nadarajan

�ci j =
⎧
⎨

⎩

0 if ci j − cik ≥ 0
�ci j if �ci j > ci j − cik

cik − ci j otherwise
(9)

ci j = ci j + �ci j (10)

Algorithm 1 explains the procedure for converting a random chromosome into a feasible
chromosome. Now, the feasible chromosome should be transformed to a binary chromosome
by setting a threshold value θ , and normally θ = 0.5. Then, the binary chromosome will be
mapped into misclassifications using f2.

ci j =
{

0 ci j < θ

1 otherwise
(11)

f2(Ci ) = α
∑

j∈A1

(1 − ci j ) + β
∑

j∈A0

ci j (12)

3.2.3 Elitism

From the population of chromosomes, the best chromosome with minimum number of
misclassifications is taken to the next generation without applying genetic operators. This is
done to preserve the best chromosome in the successive generations.

best = arg min
Ci

( f2(Ci )) (13)
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3.2.4 Crossover

The purpose of crossover operator is to generate a new chromosome that is different from
their parents, yet containing some of their parent’s features. To generate a new offspring, two
parent chromosomes are selected using roulette-wheel selection, and then the values between
the genes were swapped based on the crossover probability. A new approach is introduced
to find the position of the genes to be swapped. The position of gene is chosen from the
constraints y j − yk ≥ 0 in the LPP, and the position vector P is created. Assume that C1 and
C2 are two parent chromosomes selected for crossover, the positions are all j where j is in
y j − yk ≥ 0

P = {
j
∣
∣y j − yk ≥ 0∀k, k �= j, 1 ≤ k ≤ n

}
(14)

c1 j =
{

c2 j if r1 j ≤ pc

c1 j otherwise
(15)

where j is the set of positions in the position vector P , r1 j is the random number generated
for j th gene in the chromosome C1, and pc is the crossover probability.

3.2.5 Mutation

It is one of the genetic operators to alter the values of one or more genes in the chromosome.
This enables the GA to arrive at better solutions than the previous generation. For each
individual gene in the chromosome, a random value ri j is generated, and if it is less than the
mutation probability pm , then the gene value is inverted.

ci j =
{

(1 − ci j ) if ri j ≤ pm

ci j otherwise
(16)

The brief procedure for the evolutionary framework is given in Algorithm 2.
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3.3 Algorithm for evolutionary isotonic separation (EIS)

This subsection presents the stepwise procedure for classification using EIS based on evolu-
tionary framework.

Step: 1. For the given training set A, construct the optimization problem as given in (7)
using the isotonic consistency condition (6).
Step: 2. Solve the optimization problem using EA as given in Algorithm 2, that is, Y ∗=
evolutionary framework(�, f ). Here, Y ∗ be the optimum or near-optimum solution of
the LPP returned from evolutionary framework.
Step: 3. Identify the boundary points or undominated points for each class using the
below equation.

A∗
1 =

{
i |y∗

i = 1 and � ∃y∗
j ∈ θ∗, i �= j, y∗

j = 1 and (i, j) ∈ R
}

A∗
0 =

{
i |y∗

i = 0 and � ∃y∗
j ∈ θ∗, i �= j, y∗

j = 0 and ( j, i) ∈ R
}

(17)

where A∗
1 �= ∅ and A∗

0 �= ∅.

Step: 4. The d-dimensional space is separated into three regions based on undominated
points:

Z0 = {
j |(i, j) ∈ R where y∗

i = 0
}

Z1 = {
j |( j, i) ∈ R where y∗

i = 1
}

Z2 = �d − (Z0 ∪ Z1) (18)

Here, Z0 denotes the region where all the points are labeled as 0, Z1 denotes the region where
all the points are labeled as 1, and Z2 denotes the unclassified area where no data points exist.

Step: 5. In the test set, for every object h, whose attribute vector is (xh1, xh2, . . . , xhd),
classification is done as follows: If h lies in the area of Z1, then h belongs to class A1. If
h lies in the area of Z0, then h belongs to class A0.

y∗
h =

{
1 if h lies in Z1

0 if h lies in Z0
(19)

If h lies in the area of where none of the objects exist and isotonic consistency condition cannot
be able to determine its class label. In that scenario, the distance between the unknown object
h and undominated points is measured. The object h is assigned to the class with minimum
distance.

Dh1 = β min

{
d∑

k=1

max(xhk − xik, 0) i ∈ Z1

}

Dh0 = α min

{
d∑

k=1

max(xik − xhk, 0) i ∈ Z0

}

y∗
h =

{
1 if Dh1 < Dh0

0 otherwise
(20)
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3.4 Theoretical analysis of EIS

Lemma 1 Slack vector always guarantees the decision variables to satisfy all the constraints
of the LPP.

Proof Let y j be the decision variable in the LPP, and ci j can be considered as a value for
variable y j and denotes the j th variable in the i th random chromosome. Assume that ci j

satisfies the boundary constraint. 
�
Case: 1 Only one constraint
Let y j − yk ≥ 0 be the constraint in the LPP. If the values of ci j and cik satisfy the above
constraint, then �ci j = 0 and ci j becomes the feasible value for the decision variable y j .
Otherwise, �ci j = cik − ci j and ci j = ci j + �ci j . Substitute this updated value in the
constraint

y j − yk = ci j − cik

= ci j + �ci j − cik

= ci j + (cik − ci j ) − cik

= 0 ≥ 0 (21)

In this scenario, slack vector alters the value of ci j and makes it as feasible and the constraint
is satisfied.

Case: 2 More than one constraint
Let y j − yk ≥ 0∀k, k �= j, 1 ≤ k ≤ n be the set of constraints having y j and it needs to be
adjusted. If the value of ci j is greater than all cik where 1 ≤ k ≤ n, then all the constraints
are satisfied �c jk = 0 and there is no change in the value of ci j . Suppose, if ci j is smaller
than some cim where cim ∈ cik , then the constraints ci j − cim ≥ 0 will not be satisfied byci j .
In such a case

cim = {
cik |1 ≤ k ≤ n, k �= j and ci j − cik < 0

}
(22)

Find the slack value for ci j

�ci j = cim − ci j (23)

The new updated value for ci j

ci j = ci j + �ci j (24)

Now the constraints that were not satisfied are

y j − ym ≥ 0 (25)

Substitute ci j in (24) in the constraint (25),

y j − ym = ci j − cim

= ci j + �ci j − cim ≥ 0 (26)

The combined value of ci j + �ci j is greater than cim , and hence, the result of the constraint
is definitely positive. Thus, slack vector always guarantees the decision variables to satisfy
all the constraints of the LPP.

Lemma 2 Given a chromosome and a set of constraints, the genes in the chromosome satisfy
the boundary constraint.
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Proof Let y j be the decision variable in the LPP, and ci j can be considered as a j th gene in
the i th random chromosome. y j − yk ≥ 0 be the constraint in the LPP that contains y j to be
adjusted. Our assumption is that initial ci j satisfies boundary constraint. 
�
Case : 1 only one constraint
If the values of ci j and cik satisfy the constraint, then �ci j = 0.

ci j = ci j + �ci j = ci j + 0 = ci j (27)

There is no change in the value of ci j , and it has already satisfied the boundary constraint.
Thus, decision variable ci j satisfy the boundary constraint.

If yi j < yik , then the constraint is not satisfied �ci j = cik − ci j and ci j = ci j + �ci j .
Substitute this updated value in the constraint

ci j = ci j + �ci j

= ci j + cik − ci j

= cik (28)

Based on our assumption, cik satisfies the boundary constraint. So, new value of ci j also
satisfies the boundary constraint.

Case : 2 More than one constraints
Let y j − yk ≥ 0∀k, k �= j, 1 ≤ k ≤ n be the set of constraints having y j and it needs to be
adjusted. If the value of ci j is greater than all cik where 1 ≤ k ≤ n, then all the constraints
are satisfied �c jk = 0, and there is no change in the value of ci j . Suppose, if ci j is smaller
than some cim where cim ∈ cik , then the constraints y j − ym ≥ 0 will not be satisfied by ci j .
In such a case

cim = {
cik |1 ≤ k ≤ n, k �= j and ci j − cik < 0

}
(29)

�ci j = cim − ci j (30)

The new updated value for ci j

ci j = ci j + �ci j

= ci j + cim − ci j

= cim (31)

cim ∈ cik . Based on our assumption, cim satisfies the boundary constraint. So, new value of
ci j also satisfies the boundary constraint.

Lemma 3 Time complexity for an iteration of the evolutionary framework is θ(N (m + n)).

Proof Let m be the number of constraints and n be the number of variables in the LPP.
Evolutionary model uses N chromosomes, and each chromosome has n real values. The
computational time needed to generate a random chromosome is θ(n). To convert a random
chromosome into a feasible chromosome and then to a binary chromosome, the time required
is θ(m) and θ(n), respectively. Since there are N chromosomes, the running time required
is θ(N (m + n)). Fitness evaluation takes Nn computations. To find the best chromosome,
number of comparisons required is O(N ). The time complexity to perform crossover and
mutation in the population is O(N ). So the worst-case time complexity for the iteration of
the evolutionary framework is θ(N (m + n)). 
�
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Lemma 4 Space complexity for an iteration of the evolutionary framework is O(Nn).

Proof Let m be the number of constraints and n be the number of variables in the LPP.
Evolutionary model uses N chromosomes, and each chromosome has n real values. Total
memory required to create a population is O(Nn). During fitness evaluation, the memory
required to create a slack vector is O(n). 
�
Theorem 1 EIS terminates with an optimal solution for the LPP (7).

Proof Let Ci be a chromosome in the population, and initially, it is a random, infeasible chro-
mosome. A slack vector �Ci is generated by checking the constraints of the LPP. Feasible
chromosome is obtained by adding the slack vector with chromosome. Based on Lemmas 1
and 2, it is shown that the feasible chromosome obtained from this process contains the
feasible solution. For the feasible chromosome, fitness function is evaluated and the mis-
classifications are measured. The above process is done for all chromosomes, from which
a chromosome with minimum misclassification is chosen as the best chromosome, and it
is retained for the next generation. The remaining chromosomes will undergo mutation and
crossover, and new offspring are generated. For the new offspring, the above procedure is
done and the optimum solution is obtained. 
�
Theorem 2 Time complexity for evolutionary isotonic separation is O(max(N p(m +
n), n3)).

Proof Given a training set consists of objects in a d-dimensional data space, the time
complexity to check the isotonic consistency constraints, and to construct a relation using
(6) is O(n2d). If the relation R is represented with a graph data structure, the computa-
tional time needed to find out and eliminate transitive pairs is θ(n3). Let m be the num-
ber of constraints after eliminating transitive pairs in R. From Lemma 3, it is shown
that the computing time for an iteration of the evolutionary framework is θ(N (m + n)).
Let p be the number of generations for obtaining the optimum solution for the LPP in
evolutionary framework. So, the time complexity of EIS is O(max(N p(m + n), n3).


�

4 Case study

Consider a set U of 8 patients with two features, cell size and clump thickness, as shown in
Table 1, in which patients 1, 4, 5 and 6 are diagnosed as malignant and the remaining patients
are diagnosed as benign. The isotonic consistency condition is as follows: Pik ≥ Pjk for k =
1, 2 where i and j are data points and k denotes feature-id. As a result of isotonic consistency
condition, the following relation R is created.

R =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(1, 2)(1, 3)(1, 4)(1, 5)(1, 7)(1, 8)

(3, 2)(4, 2)(4, 3)(4, 8)(5, 2)(5, 3)

(5, 4)(5, 7)(5, 8)(6, 2)(6, 3)(6, 4)

(6, 5)(6, 7)(6, 8)(7, 2)(7, 3)(7, 8)

(8, 2)(8, 3)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

With α = β > 0, the LPP is formulated as follows:

min − y1 + y2 + y3 − y4 − y5 − y6 + y7 + y8

subject to the constraints
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Table 1 Data points Id Cell size Thickness Class

P1 8 10 1

P2 1 1 0

P3 2 1 0

P4 5 3 1

P5 8 7 1

P6 10 7 1

P7 6 1 0

P8 3 1 0

y1 − y5 ≥ 0 y3 − y2 ≥ 0
y4 − y8 ≥ 0 y5 − y4 ≥ 0
y5 − y7 ≥ 0 y6 − y5 ≥ 0
y7 − y8 ≥ 0 y8 − y3 ≥ 0

where 0 ≤ yi ≤ 1, 1 ≤ i ≤ 8

To find a solution using evolutionary framework, initial random chromosome is generated
with eight genes. Table 2 illustrates the process of converting a random chromosome into a
feasible chromosome. The constraints are checked against the values of chromosome, and
the slack values are calculated. If a variable has more than one slack value, maximum value
is taken. When the constraints are checked with an initial chromosome, the first nonmatched
constraint is y1−y5 ≥ 0. The slack value 0.2 is added to make c11 feasible. Similarly, all genes
of the chromosome are updated to obtain the feasible chromosome. Table 3 demonstrates the
evolutionary framework with a population of three chromosomes for two generations. As
explained above, feasible chromosomes are obtained and converted into binary chromosomes
by setting a threshold value 0.5. Then, fitness value is calculated by comparing a binary
chromosome with actual class labels. The best chromosome is retained for the next generation
without any modifications. The remaining chromosomes undergo crossover and mutation.
The newly generated offspring are passed onto second generation. Here, if the convergence
condition is assumed as number of misclassifications is one, this framework will come to an
end after two generations and the values of third chromosome are treated as a near-optimum
solution. Crossover is illustrated in Table 4 using two parent chromosomes of first generation
from Table 3. Position vector P = {1, 3, 4, 5, 6, 7, 8} is obtained from the constraints. There
is no change in the first offspring due to elitism. To generate the second offspring, the first
two chromosomes are assumed as parents. The italic value indicates that it is not involved in
crossover. The bold value denotes that it has undergone crossover. After finding the optimum
or near-optimum solution, boundary points are calculated for each class. Isotonic classifier
finds the label of unknown instance h based on the distance between h and the boundary
points.

5 Experimental analysis

To assess the effectiveness of the proposed EIS for breast cancer diagnosis, experiments are
performed on Wisconsin Breast Cancer dataset using EIS and other state-of-the-art machine
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Table 2 The evolution of an initial chromosome during the fitness evaluation

Iteration Chromosome Equation c11 c12 c13 c14 c15 c16 c17 c18

1 Initial random ci j 0.3 0.5 0.2 0.9 0.5 0.7 0.6 0.8

Genes to be checked cik 0.5 – 0.5 0.8 0.9 0.6 0.5 0.8 0.5

Slack value(s) cik − ci j 0.2 – 0.3 0 0.4 0.1 0 0.2 0

Slack vector Δci j 0.2 – 0.3 – 0.4 – 0.2 –

Final ci j = ci j + Δci j 0.5 0.5 0.5 0.9 0.9 0.7 0.8 0.8

2 Initial ci j = ci j + Δci j 0.5 0.5 0.5 0.9 0.9 0.7 0.8 0.8

Genes to be checked cik 0.9 – 0.5 0.8 0.9 0.8 0.9 0.8 0.5

Slack value(s) cik − ci j 0.4 – 0 0 0 0 0.2 0 0

Slack vector Δci j 0.4 – 0 0 0 0.2 0 0

Final ci j = ci j + Δci j 0.9 0.5 0.5 0.9 0.9 0.9 0.8 0.8

Feasible ci j = ci j + Δci j 0.9 0.5 0.5 0.9 0.9 0.9 0.8 0.8

Table 3 Example of an evolutionary framework with three chromosomes

Name Iteration 1 Iteration 2

Initial population 0.8 0.3 0.5 0.5 0.4 0.7 0.9 0.2 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5

0.6 0.8 0.2 0.1 0.5 0.2 0.2 0.8 0.1 0.8 0.5 0.5 0.9 0.1 0.1 0.5

0.1 0.3 0.4 0.2 0.1 0.2 0.3 0.4 0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4

Feasible population 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5

0.6 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.9 0.8 0.8 0.5 0.9 0.9 0.5 0.8

0.4 0.3 0.4 0.4 0.4 0.4 0.4 0.4 0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4

Binary population 1 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 1 0 0 1 1 1 1 0

Fitness value 3 4 4 3 4 4

Elitised chromosome 0.8 0.3 0.5 0.5 0.4 0.7 0.9 0.5 0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4

After crossover 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5 0.9 0.3 0.5 0.5 0.4 0.3 0.5 0.9

0.9 0.8 0.5 0.5 0.9 0.9 0.9 0.5 0.9 0.8 0.4 0.5 0.9 0.9 0.9 0.4

0.1 0.3 0.4 0.5 0.1 0.9 0.9 0.4 0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4

After mutation 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5 0.1 0.7 0.5 0.5 0.6 0.7 0.5 0.1

0.1 0.8 0.5 0.5 0.9 0.1 0.1 0.5 0.9 0.2 0.6 0.5 0.1 0.9 0.9 0.4

0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4 0.9 0.3 0.4 0.5 0.9 0.9 0.9 0.4

Table 4 The generation of an offspring after crossover and mutation

Parent-1 0.6 0.8 0.8 0.8 0.8 0.8 0.8 0.8
Parent-2 0.9 0.3 0.5 0.5 0.9 0.9 0.9 0.5

Offspring after crossover 0.9 0.8 0.5 0.5 0.9 0.9 0.9 0.5

Offspring after mutation 0.1 0.8 0.5 0.5 0.9 0.1 0.1 0.5

123



B. Malar, R. Nadarajan

learning techniques, and the results are compared. In order to prove the effectiveness of EIS
for large-scale dataset, a synthetic dataset is generated with nine features, and experiments
are done on the data and compared with SVM and decision tree.

5.1 Dataset

The Wisconsin Breast Cancer dataset (WBC) [21] was obtained from the University of
Wisconsin Hospitals, containing 699 data points taken from breast cancer patients. Among
these, 458 and 241 are diagnosed as benign and malignant, respectively. The features used for
classification are clump thickness, uniformity of cell size, uniformity of cell shape, marginal
adhesion, epithelial cell size, bare nuclei, bland chromatin, normal nucleoli and mitoses.
Each data point consists of values from 1 to 10, stating that a higher value corresponds to a
more abnormal state of the tumor. In the case of breast cancer diagnosis, if a data point with
certain values of clump thickness, uniformity of cell size, etc. is diagnosed as malignant, then
other data points with the same or higher values must be diagnosed as malignant. Based on
this, isotonic constraints are set for this domain.

In synthetic dataset, all the feature values are in the range of 0–10 in which lower value
denotes the possibility of a malignancy due to that feature is less and higher value denotes
more. Approximately 50 % of the data are in the range of 0–4, and the remaining data are
in the range of 5–10. The class label of object i is calculated using maximal aggregation,
in which maximum value among the features of a patient is considered [14]. The object
is labeled using an independent Bernoulli random trial probability because it is empirically
proved as a monotonically nondecreasing function on xi in [14]. The probability is calculated
as

pi =
(

sigmoid(c(xi − x)) − 0.5

sigmoid(cx)0.5

)
0.5 + 0.5 (32)

Where

xi = max(xi j ) where 1 ≤ j ≤ d (33)

x = 5 and c is a positive real number which controls the misclassification error, and sigmoid
function is as follows:

sigmoid (x) = 1

1 + e−x
(34)

The class label yi is determined by

yi =
{

1 if pi ≥ 0.5
0 otherwise

(35)

5.2 Experimental setup

Experiments are started with setting up an isotonic consistency condition. The partial ordering
relation R = {(i, j) : Pik ≥ Pjk∀k, k = 1, 2 . . . 9} is created, and the reflexive and transitive
pairs are eliminated. The resulting relation contains an average of 2,932 ordered pairs, and
they become the constraints of the linear programming problem. Initial chromosomes should
contain the feasible solution to the LPP. Here, initial chromosomes are generated randomly,
and feasible chromosomes are obtained using a slack vector. The parameters and its values of
the evolutionary framework are given in Table 5. These parameters are obtained by testing the
framework for different values, and the values for which the framework gives better results
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Table 5 Parameters of an
evolutionary framework for
WBCD and synthetic dataset

Parameter WBCD Synthetic

Population size 100 300

# Generations 920 2521

Elitism Rate 0.01 0.33

Crossover Rate 0.5 0.5

Mutation Rate 0.25 0.25

α 0.1 0.1

β 0.1 0.1

are taken. This model is tested by setting the convergence condition as either the number
of correct classifications in the best chromosome is equivalent to the number of training
instances or the number of correct classifications reaches an acceptable threshold value.

In Ryu’s experiments, instances with identical feature values are combined together and
the maximal subset is obtained. After preprocessing step, an LPP with 2,932 constraints and
630 variables is reduced to an LPP with 1,608 constraints and 265 variables. Jacob’s isotonic
separation experiments are replicated using tenfold cross-validation [14].

The proposed work is compared with state-of-the-art machine learning algorithms, SVM
[5,15,27], decision tree and isotonic separation. SVM experiments are done using SVM light
[16] with penalty parameter as 0.5 and linear kernel function. Decision tree [23] experiments
are performed using Weka [13] classifier with a confidence factor of 0.25.

All experiments are done using tenfold cross-validation. Let A be the given set of
d-dimensional data for classification, which is partitioned into Ai where i = 1, 2, . . ., 10
and each partition Ai is stratified. In each trial i , partition Ai is tested for accuracy measures
using the model constructed with the training set A − Ai . Then, mean and standard deviation
for the measures (accuracy, precision, recall, F-measure and receiver operating characteristic
(ROC)) of 10 trials are calculated and reported [9].

In SVM [2], feature selection has been done with the help of a measure called F-Score
and model parameters for RBF kernel functions are set using grid search. Nine models with
different feature subsets based on F-score metric have been constructed and SVM experiments
have been conducted. The accuracy of SVM is compared with the proposed EIS classifier.
The best model comprises the five features including clump thickness, uniformity of cell
size, uniformity of cell shape, bland chromatin and bare nucleoli. EIS experiments are done
on three different length dataset (50–50 % training set and test set, 70–30 % training and test
set, 80–20 % training and test set) with those features.

One-way ANOVA (analysis of variance) is done on the cross-validation results on each
dataset to assess whether the mean test error rates of the EIS and state-of-the-art machine
learning algorithms (SVM, decision tree and Isotonic separation) are different at the confi-
dence level of 0.95. The p value denotes the probability under the null hypothesis that the
mean error rates of all the algorithms are same. Smaller p value indicates the rejection of null
hypothesis, which means that at least one algorithm is different from others. Then, t tests are
conducted to assess the most significant algorithm against the others at the confidence level
of 0.95 [6].

5.3 Results and discussion

Figure 1 shows the number of variables that are correctly classified in each generation and
evolution of convergence toward zero misclassifications. It shows the results of convergence
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Fig. 1 Flow of convergence of evolutionary framework on Wisconsin Breast Cancer dataset

Table 6 Accuracy, precision, recall, ROC and F-measure values of EIS and other machine learning techniques
on Wisconsin Breast Cancer dataset

Accuracy (%) Precision (%) Recall (%) TPR (%) FPR (%) F-measure (%)

Decision tree 92.4 ± 5.5 93.4 ± 4.3 93.0 ± 4.6 93.0 ± 4.6 8.2 ± 6.4 92.9 ± 4.8

SVM 96.6 ± 2.9 96.8 ± 2.8 96.5 ± 3.2 96.5 ± 3.2 3.4 ± 2.9 96.5 ± 3.1

IS 97.5 ± 2.6 96.1 ± 3.5 95.4 ± 3.8 93.4 ± 4.7 2.7 ± 3.8 94.7 ± 4.4

EIS 98.6 ± 0.7 97.5 ± 1.3 98.3 ± 1.2 99.5 ± 0.3 3.0 ± 1.1 97.6 ± 1.2

for the best model in evolutionary framework. For an LPP with 630 variables, GA converges
in 920 iterations. The evolutionary framework enables to generate a chromosome with zero
percentage misclassification. From the solution of the LPP, 67 and 43 boundary points are
obtained for benign and malignant area. These points are used in classifying the test instances.
When the dataset with nine features is tested using tenfold cross-validation, among 699 data
points (among which 458 are benign and 241 are malignant), 428 data points belong to the
benign area, 211 data points belong to the malignant area, and 60 data points belong to the
unclassified area. Data points falling in the unclassified area are classified using the criterion.
Among them, an average of 4 data points is misclassified.

The results of EIS are compared with its predecessors and the other classification algo-
rithms and reported Table 6. Result show that evolutionary isotonic separation gives better
result than the other algorithms in terms of accuracy, precision, recall, true positive rate, false
positive rate and f-measure.

Three parameters are studied in the proposed work and the variants of isotonic separation:
look ups, number of misclassifications in the LPP and accuracy of the classifier.

Look ups define the number of times the training set is accessed to construct a model during
training and testing. In all variants of isotonic separation including EIS, generally training
set is mandatory to check the isotonic consistency condition and to find the boundary points.
In Ryu’s isotonic separation, in addition to the above operations, training set is needed at
the time of preprocessing to combine similar data points and to find the maximal set of data
points to reduce the size of the LPP.

During testing, in all variants of isotonic separation except Jacob’s technique, training set
is not required to classify the data. Normally, a data point is classified by referring boundary
points alone. But Jacob’s technique repeatedly finds boundary points even after classifying a
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Fig. 2 Comparison of look ups of the training set in EIS and isotonic separation variants. (IS: isotonic
separation [4] JIS: Jacob’s isotonic separation [14] RIS: Ryu’s isotonic separation [26] and EIS). (Left) X-axis
represents size of training set and Y -axis represents the number of look ups and comparisons at training.
(Right) X-axis represents size of test set and Y -axis represents the number of look ups and comparisons at
testing

new data point. The unknown test instance is added to the set of boundary points by checking
the isotonic consistency with the training set. So it requires that the training set should be
available at the time of training. It is an overhead for the classifier at real time.

Figure 2a, b gives the number of look ups and comparisons required for different sizes
of the training set during training and testing. During training, number of look ups is more
for Ryu’s technique due to preprocessing. All the other techniques require constant time
complexity for training. EIS has less number of look ups; hence, it requires neither pre-
processing as in Ryu’s technique nor updation of boundary points while testing as in Jacob’s
technique.

The second parameter, the number of misclassifications in the LPP, plays a key role in
the classification algorithm. From the solution of the LPP, the boundary points are measured
for each class. In all the variants of isotonic separation, LPP is solved by using simplex
or maximum flow network algorithm. Here, the solution obtained are real values and are
interpreted as integer values. So, the misclassifications are more in jacob’s method and in
isotonic separation method. But Ryu’s technique reduces the chance of misclassifications
since it finds and eliminates the maximal subset of data points from the training set. In the
proposed EIS technique, the evolutionary framework produces an optimum or near-optimum
solution through an iterative process. In most of the times, the optimum solution would be a
solution with zero misclassifications. Figure 3 gives the information about misclassifications
in tenfold cross-validation experiments.
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Fig. 3 Comparison of misclassifications occurred in the optimum solution of the LPP based on EIS and other
isotonic separation techniques for Wisconsin Breast Cancer dataset X-axis denotes the techniques, and Y -axis
denotes average number of misclassifications in the LPP during tenfold cross-validation

Fig. 4 Comparison of accuracy between EIS and other isotonic separation techniques for Wisconsin Breast
Cancer dataset

The third parameter, accuracy of the classifier, determines how well the system classifies
unseen data. The accuracy of the classifier is determined by the boundary points. Isotonic
separation is able to generate more number of boundary points because it considers all
instances in the training set. Since Ryu’s technique eliminates maximal subset of data points
from the training set for constructing LPP and finding boundary points, the number of bound-
ary points obtained from it is less than isotonic separation. The accuracy measures of all the
methods are projected in Fig. 4. Training accuracy is measured using the training set (trained
and tested by training set), and test accuracy is measured with tenfold cross-validation. Results
show that EIS gives higher accuracy than the other methods. The mean and standard devi-
ation of precision, recall and F-measures of EIS are reported in Table 7. Since accuracy is
not a correct measure at all times, receiver operating characteristic curve [9] is also reported.
Since EIS is a discrete classifier, it has a point in the ROC space. Results show that EIS
has marginally significant true positive rate than other methods, and it is not significant in
reducing false-positive rate. From the results, it is shown that EIS gives better results than
other methods in terms of precision, recall and F-measure.
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Table 7 Comparative study of precision, recall, ROC and F- measure (in mean ±standard deviation) of EIS
and variants of isotonic separation

Method Precision (%) Recall (%) F-measure (%) TPR (%) FPR (%)

Ryu’s IS 93.6 ± 4.5 91.1 ± 5.8 89.8 ± 7.1 95.2 ± 3.6 1.4 ± 2.3

Isotonic separation 96.3 ± 3.4 96.1 ± 3.1 95.5 ± 3.8 94.9 ± 1.2 1.4 ± 1.9

Jacob’s IS 96.8 ± 1.2 91.4 ± 2.1 93.2 ± 2.4 95.2 ± 2.1 1.8 ± 2.6

EIS 97.5 ± 1.3 98.3 ± 1.2 97.6 ± 1.2 97.1 ± 1.9 1.9 ± 2.1

Table 8 Accuracy, precision and recall measures of EIS and SVM with grid search and feature selection

Measures Training set–Test set %

50–50 % 70–30 % 80–20 %

SVM EIS SVM EIS SVM EIS

Malignant recall 99.55 93.41 99.24 95.24 100 97.65

Benign recall 96.64 98.98 98.61 99.75 97.91 100

Malignant Precision 98.22 98.40 99.24 90.91 98.88 100

Benign precision 99.14 96.03 98.61 98.32 100 99.44

Accuracy 98.53 96.94 99.02 98.86 99.51 98.96

Table 9 Statistical validation using one-way ANOVA on synthetic dataset

Source Sum of squares Degrees of freedom Mean square error F-value Probability

Between 21.43 5 4.29 11.41 1.5e−7

Within 20.28 54 0.38

Total 41.71 59

Table 8 compares the performance of the proposed EIS with the grid-based SVM classifier.
Results show that in 50–50 % training and test partition, more number of benign points and
malignant points are correctly classified by the EIS than grid-based SVM. In 70–30 % partition
of the training and test set, the number of benign points is more than SVM. In 80–20 % training
and test partition, no malignant points are misclassified in EIS. But in SVM, no benign points
are misclassified.

To prove the effectiveness of the proposed EIS statistically, one-way ANOVA followed
by post hoc t test is conducted on tenfold cross-validation results of EIS and other techniques
[6]. Table 9 shows that there is significant difference between the algorithms. Table 10 gives
the results of t test to find the most significant algorithm at the confidence level of 95 %.
Statistical results show that EIS has more significant than the other algorithms in providing
lower test error rates at the confidence level of 95 %, even though it is not significant with
Jacob’s isotonic separation and SVM with feature selection using grid search.

For a synthetic dataset with 10,000 instances, the number of generations to obtain an
optimum solution is 2,900. Using this solution, 194 and 186 points are identified as boundary
points for malignant and benign regions, respectively. In SVM experiments, at the end of
the training phase, 125 malignant and 129 benign points are identified as support vectors.
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Table 10 Statistical validation using t test for EIS against other machine learning algorithms

Methods Probability of t test

Isotonic separation 0.0001∗∗∗
Ryu’s isotonic separation 0.041∗∗
Jacob’s isotonic separation 0.91

SVM 0.05∗
Decision tree 0.0009∗∗∗
SVM with grid search 0.98

∗ Marginally significant (p < 0.1), ∗∗ Significant (p < 0.05), ∗∗∗ Very significant (p < 0.01)

Table 11 Comparative study of different measures of EIS and other machine learning techniques on synthetic
dataset

Measures Accuracy Precision Recall F-Measure TPR FPR

Decision tree 96.3±1.2 96.5±1.8 87.7±3.5 87.0±1.5 93.2±2.6 1.8±2.1

SVM 95.9±2.3 92.3±3.5 75.6±3.7 83.1±3.6 91.7±3.2 0.5±1.6

Isotonic separation NA NA NA NA NA NA

EIS 97.9 ± 1.7 92.6 ± 3.4 98.8 ± 2.7 96.9 ± 3.9 96.8 ± 3.1 2.6 ± 1.8

Table 12 Statistical validation using t test for EIS against other machine learning algorithms on synthetic
dataset

Methods Probability of t test

SVM 0.04∗∗
Decision Tree 0.02∗∗

∗ Marginally significant (p < 0.1), ∗∗ Significant (p < 0.05), ∗∗∗ Very significant (p < 0.01)

The testing results of these methods are presented in Table 11. In case of synthetic data,
experimental results show that EIS has higher accuracy (97.9 %) than SVM (95.9 %) and
decision tree (96.3 %). Table 12 presents the statistical validation through t test, and it shows
that EIS is more significant than SVM and decision tree at the confidence level of 95 %.

To compare the time complexity of evolutionary approach with other traditional methods
to solve the LPP (Simplex, Interior point and Edmond–Karp max-flow algorithm), the para-
meters from the test instances of Wisconsin Breast Cancer dataset are taken and substituted
in the upper bounds of time complexities. The time complexity of interior point method
is O(m3), because in isotonic separation, n ≤ m ≤ n2. Time complexity of Edmond–
Karp algorithm to solve the max-flow network problem is O(nm2), which is computation-
ally expensive. The comparative study of these methods is demonstrated in Fig. 5. From
this, it is observed that, for both the datasets, EIS is an efficient than Simplex, Interior
point or max-flow network models to obtain the optimum solution of the LPP. For large
datasets, evolutionary approach is mandatory to train and classify the data using isotonic
separation.

The only problem analyzed with EIS is that the convergence time has been increased with
respect to the number of constraints and variables in the LPP. When the best chromosome
achieves the near-optimum solution, it takes time to converge the optimum solution. To
overcome this problem, a further investigation can be planned in future by combining the
genetic operators with particle swarm optimization (PSO) [17].
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Fig. 5 Comparative study of time complexities between EIS, Interior point algorithm and Edmonds–Karp
max-flow algorithms for the instances of WBC and synthetic datasets. X-axis represents the dataset, and Y -axis
represents the time complexity of algorithms on dataset in logarithmic units

6 Conclusion

EIS is a hybrid isotonic separation method for classification in which evolutionary framework
provides a solution for the computational difficulty of solving the large-scale LPP. EIS can be
applied to problems where isotonic consistency condition exists between features and class
label. This framework generates the random initial chromosome and converts it into feasible
chromosome using a newly reusable slack vector. Experimental and statistical results signify
that EIS resolves the drawback of isotonic separation, solving large scale LPP when the
dataset grows, and it is proved to be a promising framework for large scale-classification.

Topics that remain to be explored in the future include evaluating the EIS in various
domains such as Internet content filtering, mail spam filtering and other publicly available
large datasets. In this paper, EIS is proposed for binary classification, and it can be gener-
alized into multiway classification. In addition, finding the unknown isotonic consistency
conditions for features constitutes a future research problem. Divide-and-conquer approach
for implementing large-scale classification using isotonic separation can be analyzed and
explored.
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